A GENERALIZATION OF A LEVITIN AND PARNOVSKI 
UNIVERSAL INEQUALITY FOR EIGENVALUES 



SAID ILIAS AND OLA MAKHOUL 



Abstract. In this paper, we derive "universal" inequalities for the 
sums of eigenvalues of the Hodge de Rham Laplacian on Euclidean 
closed Submanifolds and of eigenvalues of the Kohn Laplacian on the 
Heisenberg group. These inequalities generalize the Levitin-Parnovski 
inequality obtained for the sums of eigenvalues of the Dirichlet Laplacian 
of a bounded Euclidean domain. 



1. Introduction 

Among inverse spectral problems, let us mention the following question 
(see for instance [11]) 

" What kind of increasing sequences of non negative numbers can be the 
spectrum of the Laplacian of a compact Riemannian manifold (respectively 
of the Dirichlet Laplacian on a domain of a fixed Euclidean space) ?" 

This question can be asked in other more general contexts (for other 
operators and for Dirichlet or Neumann boundary conditions if the man- 
ifold has boundary, and for domains of a general Riemannian manifold 
instead of an Euclidean space). Such sequences, which we will call spec- 
tral, admit some restrictions given by the asymptotics of Weyl and those of 
Minakshisundaram-Pleijel. Thereby, concerning those sequences, a natural 
question, less difficult than the first one, arises 

"Is there any restrictions on these spectral sequences, which are indepen- 
dent of the manifold (respectively the domain) ? " 

Such restrictions will be called "universal". The first result in this direc- 
tion is the universal inequality of Payne, Polya and Weinberger |26j obtained 
in 1955. In fact, they proved that the eigenvalues {Aj}^^ of the Dirichlet 
boundary problem for the Laplacian on a bounded domain $7 C M", must 
satisfy for each k, 

4 

Afc+i - Afc < — > Aj (1) 

nk 
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(which we call henceforth the PPW inequality). 

This result was improved in 1980 by Hile and Protter [20] (henceforth HP) 
who showed that, for k = 1,2, . . . 

nk /r)\ 

In 1991, H.C.Yang (see [29] and more recently [8]) proved 

J](Afe+i-A0'<-5^A,(A,.+i-A,), (3) 

i=l ^ i=l 

which is, until now, the best improvement of the PPW inequality (see for 
instance [^ for a comparison of all these three inequalities). 

Apart from this class of inequalities (PPW, HP and Yang) which was 
intensively studied, there exists another class, much less known, discovered 
by Levitin and Parnovski (see Example 4.2 and identity (4.14) of |24j ) . 
Indeed, they proved for the eigenvalues of the Dirichlet Laplacian of any 
bounded domain of and for any k. 



:Afc+i < (4 + n)Afc (4) 

i=l 

(these inequalities, indexed by k, will be referred to henceforth as Levitin 
and Parnovski inequalities). 

These inequalities generalize a previous inequality obtained for k = 1 hy 
PPW [26] in dimension n = 2 and by Ashbaugh (cf section 3.2 of [3]) in all 
dimensions. 

All these universal inequalities show that one can not prescribe arbitrarily 
a finite part of the spectrum of the Dirichlet Laplacian on a bounded domain 
of an Euclidean space. This contrasts completely with the situation of the 
Laplace operator on a compact manifold (or the Neumann Laplacian on a 
bounded Euclidean domain), for which Colin de Verdiere [11] showed that 
it is possible to prescribe any finite part of the spectrum. More precisely, 
Colin de Verdiere proved that, if sat = {Ai = < A2 < • • • < A at} is a 
finite set of real numbers and if Af is a compact manifold without boundary 
of dimension > 3, then there exists a Riemannian metric on M having s^r 
as the beginning of the spectrum of its Laplacian. This was generalized by 
Guerini [TH] to the Hodge de Rham Laplacian acting on differential forms for 
compact manifolds without boundary and for bounded Euclidean domains 
with the relative or absolute boundary conditions. As a consequence of these 
prescription results of a part of the spectrum, contrary to the situation of 
the Dirichlet Laplacian acting on functions on Euclidean bounded domains, 
one cannot expect a universal inequality for the Laplacian and more gen- 
erally for the Hodge de Rham Laplacian acting on forms, on a compact 
Riemannian manifold. However, a generalization of the PPW universal in- 
equality holds for some special manifolds. In fact, in 1975, Cheng [9] showed 
that the PPW inequality ([T|) holds for domains of minimal hypersurfaces of 
j^n+i (note that his proof works also for codimension > 1). In the same 
spirit, Yang and Yau [30] obtained a generalization of the PPW inequality 
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for the eigenvalues of the Laplacian of any compact minimal Submanifold of 
a Sphere. Note that these two results indicate that, a role must probably be 
played by the extrinsic geometry of the Submanifolds in an eventual gener- 
alization of the PPW inequality. Other generalizations were obtained (see 
for instance P, 0], [5], [6], [9], [TO], [Hj, [TO], [TO], [E], [TO], [TO], MM, 
|22j , [23] , [25] , |12j and [29] ) , among them we mention the results of Lee [22] 
and Anghel [T] which constitute a first tentative to a generalization of the 
PPW inequality to the eigenvalues of the Hodge de Rham Laplacian on an 
Euclidean compact Submanifold. Unfortunately, these generalized inequali- 
ties depend on the intrinsic geometry of the Submanifold. Nevertheless, the 
results of Colin de Verdiere, Guerini, Cheng and Yang and Yau, suggest in 
the case of Euclidean Submanifolds the following question 

"Can one find Universal inequalities of PPW, HP, Yang or Levitin and 
Parnovski type for the eigenvalues of the Dirichlet Laplacian on a hounded 
domain of an Euclidean Submanifold or for the eigenvalues of the Hodge de 
Rham Laplacian on an Euclidean compact Submanifold, which depends only 
on the extrinsic geometry of the Submanifold (i.e its second fundamental 
form or its mean curvature) ? " 

Using an algebraic commutation inequality of Harrell and Stubbe |19| . 
we gave in [2T](see also the references therein for partial results) a complete 
answer to the first part of the question, concerning PPW, HP and Yang 
type inequalities. In the present article we will focus on the second part of 
the question. Using an algebraic identity obtained by Levitin and Parnovski 
and by a method completely different to that we used in [21], we will give a 
positive answer to the second part of the question which extends the Levitin 
and Parnovski inequalities @ to the eigenvalues of the Hodge de Rham 
Laplacian of a compact Euclidean Submanifold . We observe that our proof 
works also for the eigenvalues of the Dirichlet Laplacian on bounded domains 
of Euclidean Submanifolds. 

We must note that some partial generalizations of the Levitin and Parnovski 
inequality was obtained recently by Chen and Cheng [7] and by Sun, Cheng 
and Yang [28]. But, it turns out that all these generalizations are particular 
cases of our results. Indeed, on one hand, a direct consequence of our work 
(apply Corollary 12.51 with (7 = 0) is that, for any bounded domain O of 
an m-dimensional isometrically immersed Riemannian manifold M in an 
Euclidean space and for any k, we have 

m 

Y,\k+i<{^ + m)\u + \\H\\l^^^ (5) 

i=l 

where {Aj}°^-^ are the eigenvalues of the Dirichlet Laplacian of $7, H is the 
mean curvature vector of the immersion of M (i.e the trace of its second 
fundamental form) and Q ~ 

When we take A; = 1 in this in- 

Q. 

equality ([5]), we obtain as a direct consequence the generalization obtained 
by Chen and Cheng (see Theorem 1.1 of [7]). On the other hand, if we 
combine inequality ([5]) with the standard embeddings of the compact rank 
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one symmetric spaces in an Euclidean space, we easily derive a similar in- 
equalities for Submanifolds of a Sphere or a Projective space. Let us denote 
by M the Sphere the real projective space MP", the complex projective 
space CP"' or the quaternionic projective space QP" endowed with their 
respective standard metrics and let M be an m-dimensional Riemannian 
manifold isometrically immersed in M. We prove (see Corollary I2.7p that 
for any bounded bounded domain of M and for any k > 1, 



Al+. < (4 + .n)At + ( lim'^ a + d(m)) (6) 

1=1 

where, H is the mean curvature of M in M and d{m) is the constant given 
by 



d{m) 



2m{m + 1 
2m{m + 2 
^2m(m + 4), if M 



if M = 


§" 


if M = 


MP" 


if M = 


CP" 


if M = 


OP" 



If we apply inequality Q with A; = 1 to domains of S" or CP" (respectively 
for complex Submanifolds of CP" which are in particular minimal), then 
we obtain Theorem 1.1 and Theorem 1.3 (respectively Theorem 1.2) of Sun, 
Cheng and Yang [28]. Another consequence of our work is an extension 
to the eigenvalues of higher order of the Reilly inequality (respectively the 
Asada inequality) concerning the first eigenvalue of the Laplacian (respec- 
tively the Hodge de Rham Laplacian) of a compact Riemannian manifold iso- 
metrically immersed in an Euclidean space. Indeed, for any m-dimensional 
compact Riemannian manifold immersed in an Euclidean space, Reilly [27j 
proved the following inequality between the first positive eigenvalue of its 
Laplacian and the mean curvature of its immersion 



A2 < -^T-TTVjs / \H\^dVM (7) 
mVol(M) Jm 

where (IVm and Vol(M) are respectively the Riemannian volume element 
and the volume of M. Asada [2] obtains an extension of this inequality 
to the first positive eigenvalue of the Hodge de Rham Laplacian acting on 
j5-forms 

where h denotes the second fundamental form of the immersion of M. To 
be more precise, we note that, Asada proves more. In fact, he proves this 
inequality for the first positive eigenvalue of the Hodge de Rham Laplacian 
restricted to the closed p- forms. 

Using our generalizations of the Levitin and Parnovski universal inequalities, 
one can easily extends the Reilly and the Asada inequalities to all the eigen- 
values of the Laplacian and the Hodge de Rham Laplacian of Euclidean 
Submanifolds. We derive (see Corollary 12. 6p in particular the surprising 



GENERALIZATION OF LEVITIN AND PARNOVSKI INEQUALITY 



5 



generalization of the Reilly inequality 

We limit ourselves to the case of the Hodge de Rham Laplacian, but 
all our arguments work with minor modifications in the setting of general 
Laplace operators on Riemannian fiber bundles. 

Another different situation which is not Riemannian involving an operator 
which is not elliptic, is that of the Kohn Laplacian on the Heisenberg group. 
In the second section, we derive a Levitin and Parnovski inequality in this 
case. 

2. Generalization of the Levitin-Parnovski inequality to the 
Hodge de Rham Laplacian 

Let {M,g) be an m-dimensional compact Riemannian manifold. We de- 
note by /\^(M) for p £ {0, . . . , m}, and by T{TM) respectively, the space of 
smooth differential p-forms and the space of smooth vector-fields of M. 
For any two p-forms a and /3, we let ajii2,...,jp = a(ei^, Cjj, . . . , Cj^) and 
Piii2,...,ip = Cjj, . . . , Cjp) denote the components of a and /?, with re- 

spect to a local orthonormal frame {ei)i<m- Their pointwise inner product 
with respect to g is given by 

l<ii,...,ip<m 

We denote by Ap the Hodge de Rham Laplacian acting on p-forms 

Ap -={(16 + 6d), 

where d is the exterior derivative acting on p-forms and 6 is the adjoint of d 
with respect to the -^2(5) global inner product. 

The spectrum of Ap consists of a nondecreasing, unbounded sequence of 
eigenvalues with finite multiplicities 

Spec(Ap) = {0 < aS^) < < Af < • • • < A? ^ <•••}. 

If we denote by V the extension to p— forms of the Levi-Civita connexion of 
(M, g) and by V* its formal adjoint with respect to the metric g, then the 
Bochner-Weitzenbock formula gives for any a £ f\^{M) 

ApO = V*Va + np{a) 

where TZp is the curvature term which is a selfadjoint endomorphism of 
A^(M) defined for any Xi, . . . , Xp e T{TM) by 

7^p(a)(Xl, ...,Xp) = ^{-l)%^{R{ej,X,)a){Xi,. . . , X„ . . . , Xp), 

here {ei)i<m is a local orthonormal frame as before and R is the extension 
of the curvature tensor to forms which is given for X, Y £ T{TM), by 

R{X, Y)a = V[x,y]a - [Vx, Vy] a, 
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An immediate consequence of the Bochner-Weitzenbock formula is the fol- 
lowing 

(ApO, a) = |Vap + ^A|ap + {np{a),a). (9) 

In this section, the main objective is to extend the universal inequal- 
ity of Levitin and Parnovski (see inequality (4.14) in |24j ) concerning the 
eigenvalues of the Dirichlet Laplacian on bounded Euclidean domains to the 
eigenvalues of the Hodge-de Rham Laplacian on closed Euclidean Subman- 
ifolds. 



Theorem 2.1. Let X : {M^,g) — t- (M",can) be an isometric immersion 
and H be its mean curvature vector field (i.e. the trace of its second funda- 
mental form h). We have, for any p G {1, . . . , m} and j G N* , 



EA;i<4[(iH-^)Ar-/jK,(.,),.,,.i/^^ 



I ^121, , |2 
\H\ \U}j\ 



(10) 



IM 

A^- I are the eigenvalues of Ap and is a corresponding 

orthonormal basis of p— eigenforms. 

Proof of Theorem \2.1\ To prove this inequality, we need the following alge- 
braic identity obtained by Levitin and Parnovski (see identity 2.2 of Theorem 
2.2 in [2i]). 

Lemma 2.1. Let L and G be two self-adjoint operators with domains Dl 
and Dg contained in a same Hilbert space and such that G{Dl) C C Dq. 
Let Xj and Uj be the eigenvalues and orthonormal eigenvectors of L. Then, 
for each j, 

E "'\':'!^17"' = -^(p.gi.gk.u,) 

(The summation is over all k and is correctly defined even when = Xj 
because in this case {[L,G]uj,Uk) = (see Lemma 2.1 in |24j )). 

Now (|10p will follow by applying this Lemma 12.11 with L = Ap and 
G = Xi, where Xi is one of the components (Xi,...,X„) of the isometric 
immersion X. First, we have 

[[Ap,Xi],Xi]uj, = [Ap,Xi]{Xiujj) - Xi{[Ap,Xi]uj) 
= {AXi){XiUj)-2Vyx,{Xiu:j) 

-Xi({AXi)ujj -2^/^x^003) 



-2\VXi\''ujj, 



hence 



-\{[[Ap,XilXi]ujj,Uj)L2= [ iVXilVi" 
Thus, Lemma |2. II gives 
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E 



M 



M 



Now for a fixed j, let A be the matrix 



<A:, Kn 



Applying Gram-Schmidt orthogonalization, we can find an orthogonal 
coordinate system such that A has the following triangular form, 



^2,1 ^2,2 







\ w„,l 

where ujk, i = if k < I. 

Equation (jlip can be written as follows 



j-i { I {[Ap,Xi]ujj,uJk) 

M 



( / {[Ap,Xi]ujj,ujk)) 

+ X] 



k=j+i 



{[Ap,Xi]ujj,ujk] 



(12) 



The first term of the right-hand side of equality (|12|) is nonpositive because 
k < j. The second term is equal to 



i-i / {[Ap,Xi]ujj, 



x(p) \(P) 
fc=i -^j+fe - -^j 



which is equal to zero because / {[Ap, Xi]ujj,ujj^j.) = ojk, i = if k < I, 



therefore 



» oo 



M 



{[Ap,Xi]iOj,uju] 



k=j+i 



A<') - Xf 



1 OO „ 



(13) 
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Parceval's identity implies that 



CO „ 2 

Y,{ ([Ap,X^K,a;fc)) =||[Aj„X;]a;,||i,. (14) 

Hence using (|13p . ()14p and summing on we obtain 
n / r \ ^ 

E - ) ( iv^^iv/j < E (15) 

We need now to calculate Yl'i=i ll[Ap, ^z]wj||^2- First, we have 

because the curvature term in the Bochner-Weitzenbock formula is C°°(M)- 
linear. Then, at a point x € M, WG take ci loc9,l orth-onomicLl fra,in6 (c2)2<m 
of M which is normal at x. We have at x 

[Ap, Xi] = V*V(X;l^j) - XiV*Vu;j 

= -Yl ^e,Ve,(X,a;j) - XiV*ViOj 



i<m 



ei{ei{Xi))ujj - 2VvXiWj + XiV*Vojj - XiV*Vujj 



i<m 



= {AXi)ujj - 2Vvx,Wi. 
Hence we obtain 



\\[Ap,Xi]uj\\l2= [ (AX;)2|a;j-|2+4 / |Vvx,WiP-4 / ((AX/)a;j, Vvx.wj). 
Jai Jm Jm 

Since X is an isometric immersion, we have Yli<n\^'^Xi^j\'^ ~ l^'^iP' 
(AXi, . . . , AX„) = H and Ez<n((^^O^j, Vyx.^i) = V|a;jf ) = 0. 
Thus it follows that 

Kn l<n l<n 

4 / V((AX06^j,Vvx,w 



= / |i/|Vjf + 4Af^ -4 / (7ep(a;j),a;j). (16) 
Ja/ Ja/ 

The last equality follows from the Bochner-Weitzenbock formula, in fact we 
have 

Vwjp = / {ApU)j,ujj) - {TZp{u)j),ujj) = Xf^ - {TZp{u}j),ujj). 



M JM JM 



GENERALIZATION OF LEVITIN AND PARNOVSKI INEQUALITY 9 

n 

On the other hand, since the immersion X is isometric we have | VX;p = m 

1=1 

and therefore 



-mAf, (17) 

then we obtain, from (jl5|) . (|16p and p7|) 

+ / l^/lVjf • (18) 
To finish the proof, we will show that 

n m 

Y.\VX,\^X%>Y.X%. (19) 
1=1 1=1 

In fact, let us prove inequality (|19p at an arbitrary x G M. Denote by (ei)i<„ 
the standard Euclidean basis of M". Since the immersion X is isometric, we 
deduce that: there exist /i, . . . , G {1, . . . , n} and ii, . . . ,im S {Ij • • • , '^j 
such that 

• For any k £ {1, . . . , m} : h ^ k. 

• For any /c e {1, . . . , m} : VXj^(x) = e^^^. 

• For any i ^ {h, . . . , /„} : VXi(x) = 0. 

Therefore, we have at x 

n mm 
1=1 k=l 1=1 



J M 



which proves inequality (|T9|1 . 

Finally, we deduce, from (fT8|) and (fT9]l . that 



m „ 

^Af^, < (4 + m)Af -4 / (7^,(^,),^.) 
1^1 ' Jm 



□ 



Remark 2.1. (1) Note that our result does not depend on the dimension 
of the ambient space M". 
(2) We observe that, the same ideas work for general operators of Laplace 
type acting on the sections of a Riemannian vector bundle on M 
endowed with a Riemannian connexion. 

Corollary 2.1. Under the conditions of Theorem \2.1\ , we have for any 

i> 1, 

EA5'?,<4((i+>?'-^. + i*0. 

1=1 ^ ^ 
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where 5i = inf TZp{x), TZp{x) being the smallest eigenvalue, at x £ M, of 

the endomorphism {TZp)x of [^{T^M), and 62 = sup|/fp. 

The inequalities of Theorem 1 2 . 1 1 and Corollary [2T] depends on the intrinsic 
geometry of the Submanifold M, because it involves the curvature term TZp. 
Using as in Theorem 3.2 of [21], the extrinsic estimate we derived for TZp in 
terms of the second fundamental form h and the mean curvature H of the 
immersion X of M, we obtain 

Theorem 2.2. Under the conditions of Theorem \2.1{ we have for any j > 1, 



1=1 



<4<^ 1 + 



m 



where 



<P{h,H) =/ 



m 



\H\^ + \h{' 



Ann? 



^{h,H)\u,\ 



M 



(20) 



- l(m - 2)\H\ 



2yjm\h\' 



\H\ 



1 



+ §vp(p-i)(l^l' + 



4 



of TZp obtained in Theorem 3.2 of [2T 



Proof of Theorem \2.2l This theorem follows immediately from the estimate 

2 ( 

5^ 

1 



{TZp{ujj),ujj) > 



P 



m 



\Hf + \h\' - ^[V^^{m-2)\H\ 



2v^m|/ip 



li^l 



4m ^ 



□ 



One can obviously eliminate the dependence on Uj by taking the supre- 
mum of (p{h,H), and obtain the following extension of the Levitin and 
Parnovski inequality which depends only on extrinsic invariants of the Sub- 
manifold M, 

Corollary 2.2. Under the conditions of Theorem \2.1\ \/j >1 we have 

E^?i^4 (l + ^)Af + ||<^(/i,i/)|U , (21) 
1=1 ^ J 



where <f>{h,H) is as in Theorem ] 2.^ 

In the particular case where j = 1, we obtain 
Corollary 2.3. Under the conditions of Theorem \2.1\ we have 



1=1 



where 

^{h,H) = 4 



p / m 

m{m - l)Vol{M) \ ^ T 



+ U{h,H)\l 



M 



(m — p)\H\'^ + {p - 1) 



dVu 
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We finish the proof by using the Asada inequality [2] , 
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m{m - l)Vol{M) Jm 



{m-p)\H\^ + {p-l 



dVu. (22) 
□ 



For any j > 1, an immediate consequence of the precedent corollary is the 

(p) 

following upper bound for in terms of the second fundamental form 

and the mean curvature, 

Corollary 2.4. Under the conditions of Theorem \2. 11 we have for any j > 
1, 



Ag„<4^di(m,j) 



P 



Vol{M) Jm 



(m — p)\H\'^ + {p - I) 



+ d2im,j)Uih,H) 



dVM 



(23) 



where di{m,j) = ^^^^^ 
d2{m,j)-^^ ' ™' 



1 + ^1(1 + ^)' ^ and 



Proof. We infer from ()20p 
A^.^ <4 

3+m — |_\^ 4 J 

to obtain inequality (|23p . we combine this last inequality with the following 
inequality obtained by us in [21] (see Corollary 3.6), 
1 4\i-i p 



m{m — 1) 



4 y-i 
^^m) Vol{M) Jm 

+ 



{m - p)\H\^ + {p - l)\h\'^ 
l)U{h,H) 



dVM 



4 

1 + — 

m 



(24) 
□ 

Remark 2.2. (1) Note that inequality Ii23\) is sharper than inequality 
for j + m. 

(2) We can obtain similar results for closed Submanifolds of compact 
rank one symmetric spaces but the expressions of(j){h, H) and ^{h, H) 
in this case are complicated. 

In the particular case where p = (i.e. for functions), all the arguments 
used in the proof of Theorem 12.11 work under the Dirichlet boundary con- 
dition, when M has boundary . The reason why all these arguments work 
in this case is that the product of a function G by a function vanishing on 
dM also vanishes on dM (this is neither the case for the absolute boundary 
condition nor the relative one for p— forms when > 1). Then, we easily 
obtain 
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Corollary 2.5. Let {M,g) be a compact m- dimensional Riemannian mani- 
fold eventually with boundary and let X : (Af, g) — > (M", can) be an isomet- 
ric immersion. For any bounded potential q on M, the spectrum of L = A+q 
(with Dirichlet boundary condition if dM 7^ 0J must satisfy, for i > 1, 



1=1 

|2 



<(i + m)\j + \\\H\' -iq\\^, 

where uj are L'^ — normalized eigenfunctions. 

This corollary extends, the universal inequality of Levitin and Parnovski 
to compact Submanifolds of and gives for k = 1 the main result of [7]. 

When M is without boundary and g' = 0, we have Ai = and the asso- 
ciated normalized eigenfunction is u-i = — ■ ; in this case, the Corol- 

y^Vol{M) 

lary 12.51 gives the following generalization of Reilly's inequality for the first 
nonzero eigenvalue of the Laplacian operator on Euclidean closed Subman- 
ifolds [27!, 

Corollary 2.6. Let {M,g) be a compact m-dimensional Riemannian man- 
ifold and let X : {M,g) — > (]R",can) be an isometric immersion of mean 
curvature LL. Then the spectrum of A must satisfy 



m If 



fc=l 

As in [12] (Lemma 3.1) or |21j . using the standard embeddings of rank 
one compact symmetric spaces, we deduce easily from Corollary 12.51 the 
following 

Corollary 2.7. Let M be the Sphere §"■, the real projective space MP", 
the complex projective space CP" or the quaternionic projective space QP" 
endowed with their respective standard metrics. Let (Af , g) be a compact 
m-dimensional Riemannian manifold eventually with boundary and let X : 
M — > M be an isometric immersion. For any bounded potential q on M, 
the spectrum of L = A -\- q ( with Dirichlet boundary condition if dM 7^ j 
must satisfy, for j > 1, 



f A,^,<4[(i + ^)a,+ / {\{\H\^ + d{m)) 
1=1 •'^^ 

< (4 + m)Aj + + d{m) - Aq\\^ , 

where Uj are L^— normalized eigenfunctions and where 

'm2, z/M = S" 



q]u^. 



d{m) 



2m(m+l), i/M = MP'^ 
2m(7n + 2), ifM = CP''' 
2m(m + 4), z/M = 
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Remark 2.3. (1) If we apply this Corollary to a bounded domain of 
S" or CP" and to complex Suhmanifolds of CP", then we obtain 
Theorem 1.1, Theorem 1.2 and Theorem 1.3 of Sun, Cheng and Yang 
[28]. 

(2) When M is without boundary and q = 0, this gives as in corollary 
\2.6l the following generalized Reilly's inequality for compact Sub- 
manifolds of compact rank one symmetric spaces ( with the exception 
of the Cayley projective space), 

3. Generalization of the Levitin-Parnovski inequality to the 

KOHN LAPLACIAN on THE HeISENBERG GROUP 

We first recall that the 2n + 1-dimensional Heisenberg group H" is the 
space M^""*""^ equipped with the non-commutative group law 

{x,y,t){x',y',t') = (^x + x',y + y',t + t' + ^^ {{x',y)^„ - {x,y')^„), 

where x,x',y,y' G M", t and t' G M. The following vector fields 

~ dt' ' ~ dxi 2 dt' '~ dyi 2dt' 

form a basis of the Lie algebra of H", denoted by 'H"'. We notice that the 
only non-trivial commutators are = —T6ij, i,j = 1, • • • ,n. Let 

Ah" denote the real Kohn Laplacian (or the sublaplacian associated with 
the basis {Xi, ■ ■ ■ ,X„,yi, • • • ,!"„}): 

n 
i=l 

We consider the following eigenvalue problem : 

{—A^nu = Xu in 
M = on dQ, 

where is a bounded domain of the Heisenberg group H", with smooth 
boundary. It is known that the Dirichlet problem (5.1) has a discrete spec- 
trum. In what follows, we let 

< Ai < A2 < • • • < Afc • • • +00, 



denote its eigenvalues and orthonormalize its eigenfunctions ui, U2, ■ ■ ■ G 

> 1, 

{ui,Uj)j^2= / UiUjdx dy dt = 5ij. 



Sq''^{^) so that, Vi,j > 1, 
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Here, S^''^{Q) denotes the Hilbert space of the functions u G L^(r2) such that 
Xi{u), Yi{u) € L^(r2), and iSg'^ denotes the closure of Cq^{Q) with respect 
to the Sobolev norm 



with Vn^n = (Xi(u), • • • , Yi(n), • • • ,y„(n)). 



The main result of this paragraph is the following 
Theorem 3.1. For any j > 1, 

n 

^Aj+/ < (n + 2)Aj. (25) 
1=1 

Proof. Inequality ([25]) follows by applying Lemma [2T| with L = — Ae^ and 

G = xi or G = yi, I = 1, . . . ,n. 

We obtain, as in the proof of Theorem 12.11 

- l{[[L,xi],xi]uj,Uj)L2 < ^-—\\[L,xi]uj\\l2 (26) 

and ^ ^ 

- i^{[[L,yi],yi]uj,Uj)L2 < —\\[L,yi]uj\\l2. (27) 



Taking the sum of ()26|) and ()27|) and summing on / from 1 to 7i gives 

^ n 1 " 

- 2 ~ ^j){[[L^Xl],Xl]Uj,Uj)L2 -^^i>^j+l - >^j){[[L,yi],yi]Uj,Uj)L2 

1=1 1=1 

n n 

<J2\\[L,xi]u,\\l,+Y,\\[L,yi]uj\\l2. (28) 
1=1 1=1 

By a straightforward calculation, we obtain 

[L,xi]uj = -2Xi{uj) and [L,yi]uj = -2Yi{uj). 

Hence 



n n „ 

^||[L,Xi]nj||^2+^||[L,yz]wj||22 =4 / iVn-n^f = 4Aj. 
z=i i=l "^^ 



(29) 



Now 
and 
Thus 

and 



[[L,xi],xi]uj = -2[Xi,xi]uj = -2uj (30) 

[[L,yi],yi]uj = -2[Yi,yi]uj = -2uj. (31) 

{[[L,xi],xi]uj,Uj)L2 = -2 Uj = -2 (32) 

Jn 

{[[L,yi],yi]uj,Uj)L2 = -2 1 Uj = -2. (33) 

Jn 

Finally, putting identities ([29]). ([32]) and ([33]) in ([28]) . we obtain inequality 

(1251). □ 
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